ABSTRACT. An example is given of a regular space on which every real-valued function with a closed graph is constant. It was previously known that there are regular spaces on which every continuous function is constant. It is also shown here that there are regular spaces that support only constant real-valued continuous functions, but support non-constant real-valued functions with a closed graph.
1. Introduction. Let X and Y be topological spaces. A function/ : X -• Y has a closed graph if {(JC, f(x))\x G X} is closed in X x Y. It is known that there are regular spaces on which every real-valued continuous function is constant. The purpose of this note is to construct a regular space on which every real-valued function with a closed graph is constant. In addition, it will be shown that there are regular spaces that support only constant real-valued continuous functions, but support non-constant real-valued with a closed graph. Throughout, R will be used to denote the real line with the usual topology.
The first example of a regular space on which every continuous real-valued function is constant was published by Hewitt in 1946 (see [9] ). An example by Novak appeared in 1948 (see [13] ). Since then other examples have appeared. See for example [1] , [5] , [8] and [10] . In particular, van Douwen [5] gives a clear and systematic method for constructing a regular space on which every real-valued continuous function is constant. In an interesting paper [10] which appeared in 1986, Iliadis and Tzannes investigate spaces on which every continuous function into a given range space, not necessarily the real line, is constant or locally constant.
Several papers have appeared on the points of discontinuity of functions with a closed graph. See for example [2] , [4] , [6] , [11] , [12] and [16] . The monograph by Hamlett and Harrington [5] is an excellent reference source on properties of functions with a closed graph and it also contains an extensive bibliography. In 1985, Dobos [4] showed that for a perfectly normal space X, a subset F C X is closed and of the first category (in X) if and only if there exists a function / :X -• /? with a closed graph such that the points of discontinuity of / coincide with F. The results which follow are part of an investigation into properties of real-valued function with a closed graph on spaces which are not perfectly normal. [16] ).
Let J be the set of all real-valued functions with some property P on a topological space X. NOTE 2.4 . In what follows we will restrict our consideration to those properties P such that; (i) if h is a continuous function and / is any function with property P, then the composition, /oh, has property P, and (ii) if / has property F on a space X, then the restriction of / to any subspace of X also has property P.
Examples of classes of functions with a property P on a given space X are, the set of all continuous functions on X, the set of functions with closed graphs on X (by Lemma 2.3) and the set of all functions on X of Baire class a, a < £2, where Q is the first uncountable ordinal.
Following van Douwen, two points a and b in X will be called twins for the family <? of all real-valued functions with property F on X if f(a) = f(b) for all / G J. Starting with an arbitrary regular space X with twins for the family f of all continuous real-valued functions on X, van Douwen in [5] gives a nice method for constructing a regular space on which every real-valued continuous function is constant. We now sketch van Douwen's method to show, how, starting with a regular space X with twins for the family J of all real-valued functions with property P on X, one can construct a regular space Y on which every real valued function with property P is constant. VAN 
It was shown by van Douwen [5] that Y is regular (that is, T3 and T\). Therefore Y has the required properties.
3. Functions with a closed graph on ordinal spaces. The method we will use to construct a regular space Y on which every real-valued function with a closed graph is constant will be to first find a regular space X with twins for the set of all real valued functions with a closed graph on X. We will then construct the regular space Y by the condensation of twins as in Section 2. It is not difficult to see that the regular spaces, such as those given in [9] 
The space Y.
First we will construct a regular space X with two points a, b EX such that a and b are twins for every real valued function on X with a closed graph. X will be a modification of the example in [17, problem 186] which is based on Hewitt's example [9] . . Let Z denote the set of positive and negative integers and form the product S xZ. Form the quotient space K by identifying points in S xZ as follows: if n is odd, identify the corresponding points in the right edges of S x {n} and S x {«+1} and if n is even identify the corresponding points in the top edges of S x {n} and S x {n + 1}. Add to K two points a and b at 'infinity' and put X = # U {a, /?}. The image of S" = 5 x {«} in X is homeomorphic to S for each /i. Let U n (a) = {a} U U«="S« and I/ B (fc) = {£} U U«="S-m be neighbourhoods of « and Z?, respectively, for w = 1, 2, 3,.... It follows as in [14] and [17] that X is a regular space which is not completely regular.
Let / : X -> R be any function with a closed graph. Show fia) = fib). It follows from Lemma 3.1, Lemma 3.3 and the construction of X, that for every positive integer n, f is identically equal to some constant c, on both the right edge and top edge of S n , except for at most a countable number of points. Now select a n , a member of the top edge of S n , for each positive integer n, such that f(a n ) = c. Then a n -• a. 5. In this section a regular space Y will be constructed with the property that Y supports only constant real-valued continuous functions, but it will be shown that Y supports non-constant real-valued functions with a closed graph. Y will be constructed using the method of van Douwen from Section 2 and will be based on an example of a regular space X, which is not completely regular, by Thomas [15] . An outline of Thomas' example follows. See [15] for further details and a geometric interpretation. (g(a s ) ), where g is the one-to-one function from A onto Z \ {AUB} defined in Section 2. Since f(B) = 0 and f(a s ) = f(g(a s )) for every {<2 5 , g(tf 5 )} in the decomposition space 7, / may be considered as a mapping from Y into /?. It will follow from the next three lemmas that the graph of / is closed.
Note that an open subset V of Z is said to be saturated relative to the decomposition space [17, problem 18G] which have twins, then it can be shown in a similar way that there exists a real valued function on Y which has a closed graph whose range is the set of non-negative integers.
